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Abstract
We use an sp3s∗ tight-binding Hamiltonian to investigate the band-anti-crossing
(BAC) model for dilute GaNx As1−x alloys. The BAC model describes the
strong band-gap bowing at low N composition x in terms of an interaction
between the conduction band edge (E−) and a higher-lying band of localized
nitrogen resonant states (E+). We demonstrate that the E− level can be
described very accurately by the BAC model, in which we treat the nitrogen
levels explicitly using a linear combination of isolated nitrogen resonant states
(LCINS). We also use the LCINS results to identify E+ in the full tight-
binding calculations, showing that at low N composition E+ forms a sharp
resonance in the conduction band �-related density of states, which broadens
rapidly at higher N composition when the E+ level rises in energy to become
degenerate with the larger L-related density of states. We then turn to the
conduction band dispersion, showing that the two-level BAC model must be
modified to give a quantitative understanding of the dispersion. We demonstrate
that the unexpectedly large electron effective mass values observed in some
GaNAs samples are due to hybridization between the conduction band edge
and nitrogen states close to the band edge. Finally we show that there is a
fundamental connection between the strong composition-dependence of the
conduction-band-edge energy and the n-type carrier scattering cross-section
in Ga(In)Nx As1−x alloys, imposing general limits on the carrier mobility,
comparable to the highest measured mobility in such alloys.

1. Introduction

The semiconductor alloy gallium (indium) nitride arsenide has attracted considerable attention
in recent years. When a small fraction of arsenic atoms in GaAs is replaced by nitrogen the
energy gap initially decreases rapidly, at about 0.1 eV/% of N for x < ∼0.03 [1], with
the measured conduction band edge mass also showing unexpectedly large values [2–6].
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This behaviour is markedly different to conventional semiconductors, and is of interest both
from a fundamental perspective and also because of its significant potential device applications.
The strong bowing opens the possibility of using GaInNAs to get optical emission on a GaAs
substrate at the technologically important wavelengths of 1.3 and 1.55 µm, considerably
expanding the capabilities of GaAs for optoelectronics [7–10].

Our understanding of conventional III–V alloys has been built up through a range of
approaches. Much progress is based on the use and application of relatively simple models,
such as effective mass theory and the envelope function method [11–13] to describe electronic
states in quantum wells and heterostructures. These simple and well-established models are
underpinned and informed by more detailed and fundamental theoretical calculations, as well
as by comparison with a wide range of experimental data.

The issue we review here is the development of appropriate models to describe the
electronic structure of dilute nitride alloys. Two complementary approaches have been taken
to explain their extreme behaviour, one based on detailed band structure calculations [14–
18], the other on an experimentally observed band-anti-crossing (BAC) effect [19]. The two
approaches have been highly successful in describing the band edge energies,and their variation
upon annealing [20, 21]. The BAC model has also been successfully applied to interpret
photoreflectance measurements both of bulk and quantum well GaNAs samples, identifying
a higher energy feature (E+) observed in bulk samples [19, 22, 23], and also providing a
consistent interpretation of quantum well excited state transition energies across a wide range
of samples, and as a function of hydrostatic pressure [24, 25]. Despite the wide success of
the BAC model, there has until recently been one significant set of experimental data which
has remain unexplained, namely the observed composition dependence of the conduction
band edge effective mass in Ga(In)NAs alloys. Both the BAC model and detailed calculations
predict an enhancement of the conduction band edge mass compared to GaAs. The BAC model
provides a good estimate of the measured mass at very low N compositions [6] (x < 0.05%) and
also in indium-containing samples [5],but significantly underestimates the mass in GaNxAs1−x

for x > 0.1% [3–6]. The electron relative effective mass, m∗
e , has now been determined using

a range of different techniques, with a consistent trend emerging of unexpectedly large relative
mass values in GaNx As1−x , such as m∗

e = 0.13, 0.12 and even 0.19 for x = 0.1 [6], 1.2 [4]
and 2.0% [4]. These measured mass values provide a stringent test of any model describing
the electronic structure of GaNxAs1−x and related alloys.

We review here that these mass values and several other previously unresolved aspects
of the band structure of Ga(In)Nx As1−x can be quantitatively understood by combining the
insights and approach of the empirical BAC model with the detailed information available from
band structure calculations. The approach we present gives results in excellent quantitative
agreement with experiment, providing a clear understanding of the observed variations in m∗

e ,
and even predicting in several instances a non-monotonic variation of mass with pressure.
Our results also show clearly why the higher energy feature labelled E+ only emerges for
x > ∼0.2% in photoreflectance measurements of bulk GaNx As1−x [22, 23]. They are also
relevant to the recent direct observation of the conduction band dispersion in GaN0.0008As0.9992

quantum wells using magnetotunnelling spectroscopy [26], and provide further insight into
the low mobility values generally observed in Ga(In)NxAs1−x alloys [2, 27, 28].

It is well-established that when a single N atom replaces an As atom in GaAs, it forms a
resonant defect level above the conduction band edge of GaAs [29, 30]. This defect level arises
because of the large difference in electronegativity and atomic size between N and As [31–
33]. A major breakthrough was achieved for dilute nitride alloys with the demonstration by
Walukiewicz and co-workers (using hydrostatic pressure techniques [19]) that the reduction
in energy gap in Ga(In)Nx As1−x is due to a band anti-crossing (BAC) interaction between
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the conduction band edge and higher-lying localized nitrogen resonant states. Experimental
studies of ultra-dilute nitride alloys show a range of resonant defect levels above the conduction
band edge due to the formation of N complexes. These include, e.g. that a gallium atom with
two N neighbours gives a resonant defect level close to the low temperature conduction band
edge of GaAs [23, 24, 30]. Similar states are found in empirical pseudopotential [16, 17] and
tight-binding [34] studies of N complexes. Such calculations support many aspects of the band-
anti-crossing model, but also provide additional insight into the role of disorder and nitrogen
clustering in GaNAs alloys. We will show below that many of the previously unexplained
features in the band structure of dilute nitride alloys can be understood by modifying the
BAC model to explicitly include the effects of nitrogen clusters and interactions between
neighbouring nitrogen atoms placed at random within the alloy.

The approach we take here is to first consider ordered GaNAs, reviewing the insights we
have obtained using a carefully parameterized tight-binding method to describe the electronic
structure [21, 35]. Using ordered structures, we derive explicitly a two-level BAC model
in section 2 to describe the conduction band edge, showing that the concept of localized N
resonant states can remain valid even up to x ∼ 0.25.

We then turn to consider disorder effects, using the sp3s∗ tight-binding Hamiltonian.
We investigate how the inevitable disorder in the N distribution in Ga(In)NAs modifies the
BAC model and its predictions. We show in section 3 that even in a disordered alloy the
band gap bowing and composition dependence of E+ can still be described very accurately
by the BAC model, but with the BAC now explicitly treating the random distribution of N
resonant states [34]. We then extend the analysis in section 4, to show that the inclusion of
disorder effects can give a quantitative understanding of the measured variation of effective
mass with x in Ga(In)Nx As1−x , and of the behaviour of the E+ level at very low N compositions
(x < ∼0.2%) [36].

We switch direction in section 5, to consider in particular the consequences of the
strong band gap bowing on electron mobility in dilute nitride semiconductors. We show
a fundamental connection between the conduction-band-edge energy and the n-type carrier
scattering cross-section in the ultra-dilute limit, imposing general limits on the carrier mobility
in such alloys [28, 37]. Within an independent scattering approximation, the carrier mobility
is estimated to be ∼1000 cm2 V−1s−1 for a N atomic concentration of 1%, comparable to
the highest measured mobility in high-quality GaInNAs samples at these N concentrations,
but higher than that found in many samples. We speculate that consideration of a continuous
band of N cluster states, as introduced in sections 3 and 4, should further reduce the calculated
mobility, to values in closer agreement with experiment.

Overall, we conclude that a clear understanding is emerging concerning the electronic
structure of dilute nitride alloys. Significant progress has been made, both through the use
of the BAC model and more detailed theoretical studies, giving a quantitative description
of the electronic structure, and enabling predictive design and analysis of GaInNAs-based
heterostructures and optoelectronic devices.

2. Nitrogen resonant states in ordered GaNxAs1−x structures

The BAC model explains the extreme band gap bowing observed in InyGa1−yNx As1−x in terms
of an interaction between two levels, one at energy Ec associated with the extended conduction
band edge (CBE) stateψc0 of the InGaAs matrix, and the other at energy EN associated with the
localized N impurity states ψN, with the two states linked by a matrix element VNc describing
the interaction between them [19]. The CBE energy of Ga(In)NxAs1−x , E−, is then given by
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Figure 1. Variation of the band gap energy, Eg, in free-standing GaNx As1−x , calculated across
the full alloy range (0 < x < 1) using a carefully parameterized sp3s∗ Hamiltonian [21].

the lower eigenvalue of the determinant∣∣∣∣ EN VNc

VNc Ec

∣∣∣∣ . (1)

A resonant feature associated with the upper eigenvalue, E+, has also been observed in
photoreflectance measurements [19, 22, 23], appearing in GaNx As1−x for x > ∼0.2% and
remaining a relatively sharp feature until x ∼ 3%, beyond which composition it broadens
and weakens, when the resonant state becomes degenerate with the L-related conduction band
levels [34].

Although this two-level model provides a good description of the variation of E− and E+

with composition and annealing, it undoubtedly omits much of the detail of the band structure.
Detailed calculations of large disordered clusters of GaNx As1−x confirm the behaviour of E−,
while the E+ state is also observed over a limited range of x [16, 17]. In addition, a series
of N-related states are observed, with energies varying from close to the E− level up towards
E+ [16]. These states are of secondary importance in understanding the band gap variation.
We will show below when we introduce a modified form of the BAC model that they are key
to understanding the observed variation of conduction band effective mass, and also of E+.

To investigate the resonant state ψN, and its behaviour, we have developed an accurate
sp3s∗ tight-binding (TB) Hamiltonian to describe the electronic structure of GaInNx As1−x [21].
This Hamiltonian fully accounts for the observed experimental data, and also gives results in
good agreement with pseudopotential calculations [14, 16, 38, 39]. Figure 1 shows for instance
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Figure 2. Calculated probability density of nitrogen resonant state, |ψN0|2, projected onto the group
V atoms in the (001) plane of a Ga500N1As499 supercell, with the N atom situated in the centre of
the plot, at (0, 0, 0), and the other group V atoms at lattice points a(m/2, n/2, 0), −5 � m, n � 5.

the variation of the band gap energy across the full alloy range in free-standing GaNx As1−x ,
calculated using the sp3s∗ Hamiltonian: the observed variation matches well that obtained
in [38, 39].

To investigate the resonant state, and its behaviour, we calculated the electronic structure of
ordered GaNx As1−x supercells [21, 35]. By comparing the calculated CBE states ψc1 and ψc0

in large supercells (Ga864N1As863 and Ga864As864, respectively), we can derive the nitrogen
resonant state ψN0 associated with an isolated N atom. In the BAC model, ψc1 is a linear
combination of ψc0 and ψN0, with ψN0 then given by

ψN0 = ψc1 − αψc0√
1 − α2

(2)

where α = 〈ψc1|ψc0〉. We find that ψN0 is highly localized, with over 50% of its probability
density on the N site and the four neighbouring Ga atoms (figure 2).

Because the N resonant state is so highly localized in figure 2, it is reasonable to expect
that, as we increase the N density, we can associate a similar resonant level with each nitrogen
site. To test if this is so, we compared the calculated resonant wavefunctions ψN for a series
of increasingly smaller unit cells with the resonant state, ψN(0), predicted by taking a linear
combination of resonant wavefunctions from large unit cell calculations. We showed that to a
very good approximation we can write the resonant wavefunction ψN at the zone centre as

ψN ≈ ψN(0) = 1√N
N∑

n=1

ψN0,n (3)

where ψN is represented by a linear combination of N isolated N states ψN0,n located on an
ordered array of sites n = 1, . . . ,N within the supercell. Figure 3(a) shows |〈ψN|ψN(0)〉|2,
the modulus squared of the overlap between the predicted and calculated resonant states for
simple cubic (sc, ) and face centred cubic (fcc, •) nitrogen arrays. The overlap between
the predicted and exact wavefunctions is almost unity, for x < ∼0.05, and remains over 94%
for the simple cubic structures, even up to x = 0.25 (a Ga4N1As3 unit cell). This shows that
the nature of the perturbation is indeed related to localized N states, even as far as x = 0.25,
and, as a consequence, suggests we can use a similar representation to accurately describe
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Figure 3. (a) Overlap between calculated and predicted resonant wavefunctions in simple cubic
( ) and face-centred cubic (•) supercells. (b) Resonant state energy, EN, as a function of
composition based on a full calculation (solid data points) and a simplified model (open data points).
(c) Conduction band edge energy, Ec, of GaNx As1−x , calculated using the full Hamiltonian (solid
data points) and the two-band model of equation (1) (open data points).

the N-related states and conduction band edge in disordered GaNxAs1−x structures. We note
that the overlap between the predicted and calculated resonant wavefunctions drops to ∼70%
for the case of a Ga4N1As3 2 × 2 × 1 face-centred cubic structure [35]. This occurs because
there is an infinite chain of nitrogen nearest neighbours in this structure. The symmetry is
reduced about the N atoms in such a chain compared to isolated N states, due primarily to the
unsymmetric nature of the lattice distortion parallel and perpendicular to the chain direction.
This reduction in symmetry can significantly modify the resonant state wavefunction.

The filled data points in figure 3(b) show the calculated resonant energy, EN, for each
structure, found by evaluating 〈ψN|H |ψN〉 directly, while the filled data points in figure 3(c)
show the calculated reduction in the conduction band edge energy as a function of N
concentration in the ordered structures considered. The calculated values of EN follow a non-
monotonic trend, with the value of EN generally being larger in the sc than in the fcc supercells
considered, due to the directional dependence of the resonant state wavefunction [40] and of
the perturbing potential,�V , introduced when an As atom is replaced by N.

The open data points in figure 3(b) show the value of EN calculated for each structure by
directly evaluating 〈ψN(0)|H |ψN(0)〉. These estimated values, EN(0), are in excellent agreement
with the values of EN obtained from the full calculation. Finally, the open data points in
figure 3(c) were obtained by using the estimated values, EN(0) in equation (1), with Ec assumed
to vary linearly and VNc explicitly calculated as 〈ψN(0)|�V |ψc0〉. The very good agreement
between the full calculation and this modified two-band model confirms the validity of the
two-band model, although we see that the resonant state energy used, EN, does depend on
local environment, as discussed further below.
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3. Influence of disorder on nitrogen resonant states, E− and E+ in GaNxAs1−x

Overall, figures 2 and 3 clearly demonstrate that the conduction band edge in GaNxAs1−x

is being perturbed and pushed downwards due to its interaction with a higher-lying resonant
state, centred on the nitrogen atoms. Why then has this state not been identified in previous
calculations? To answer this question, and to investigate the role of disorder, we have extended
the tight-binding and two-level model to disordered GaNx As1−x supercells.

We first consider a set of 1000 atom supercells containing up to 15 randomly distributed
N atoms. In these supercells we fit the number, but not the distribution, of N–N pairs to the
number expected statistically, so that each cell contains n isolated N sites and p N–N pairs.
For each configuration, we used the GULP molecular relaxation package [41] to calculate the
equilibrium positions of all the atoms, using a parametrized valence force field (VFF) model,
while using Végard’s law to vary the unit cell basis vectors as a(x) = xaGaN+(1−x)aGaAs. The
calculated relaxed bond lengths are in good agreement with those obtained by other authors [39]
from ab initio pseudopotential calculations.

In a disordered supercell, we again expect the GaNx As1−x conduction band edge to be
formed as a linear combination of isolated nitrogen resonant states (LCINS) interacting with
the unperturbed conduction band edge, ψc0. For the supercells considered here, we have n
resonant basis states, |ψN0,i 〉, associated with isolated N resonances (i = 1−n) and 2 p resonant
basis states associated with the p N–N pairs (|ψNN+, j 〉 and |ψNN−, j 〉, j = 1 − p, which are
even and odd, respectively, about the Ga site at the centre of the N–N pair). We write the sp3s∗
Hamiltonian H of the Ga500Nn+2pAs500−n−2p supercell as

H = H0 +�VN +�VNN (4)

where H0 is the Ga500As500 Hamiltonian, �VN the sum of defect potentials associated with
the n isolated N atoms and �VNN the sum of defect Hamiltonians associated with the p N–N
pairs. In extension of the approach for ordered structures, we now determine the GaNxAs1−x

conduction band edge E− and the N-related conduction band levels by constructing and solving
a (n + 2 p + 1)× (n + 2 p + 1) Hamiltonian matrix involving the GaAs conduction band edge
wavefunction, |ψc0〉, and the n +2 p N-related states. We use the sp3s∗ Hamiltonian to evaluate
explicitly each matrix element,

Hαβ = 〈ψα |H |ψβ〉 (5)

where α and β = N0i , . . . ,N0n , NN+ j , . . . ,NN+p, NN− j , . . . ,NN−p and c0. We also
evaluate the overlap matrix, S, which has non-zero off-diagonal matrix elements Sαβ =
〈ψα |ψβ〉, due to the overlap between N resonant states centred on different sites within the
supercell. The eigenvalues εα of the LCINS model are then obtained by solving the matrix
equation

H · uα = εαS · uα (6)

with the eigenstates φα then given by

φα =
n∑
i

uαN0,iψN0,i +
p∑
j

(uαNN+, jψNN+, j + uαNN−, jψNN−, j ) + uαc0ψc0. (7)

Figure 4 shows the results of the CBE energy and its�1c character calculated using the full
tight-binding ( ) and LCINS (�) methods for five significantly different random structures of
a 1000 atom Ga500NmAs500−m supercell containing (i) m = 5, (ii) m = 10 and (iii) m = 15
nitrogen atoms. The figures clearly show that both the CBE energy and its fractional �1c

character are given accurately by the LCINS model. Furthermore there is excellent correlation
in the variation between different random structures. For example, in the supercell calculations
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Figure 4. Variation in (a) the conduction band edge energy and (b) its fractional �1c character
between several different random Ga500Nm As500−m supercell structures calculated using the full
tight-binding ( ) and LCINS (�) methods for (i) m = 5, (ii) m = 10 and (iii) m = 15.

containing m = 15 N atoms, the maximum variation in CBE energy between different random
structures is ∼70 meV, while the maximum variation in CBE energy between the LCINS and
full tight binding calculations is only ∼7 meV. This excellent correlation confirms the validity
of describing the E− state, and the band-gap bowing, as being due to an interaction between
localized N resonant states and the host CBE.

We now turn to obtain a more detailed comparison between the higher-lying conduction
states calculated using the LCINS and full tight-binding methods. There are again strong
correlations between the two sets of results. The light vertical lines in figures 5(a) and (b)
show the distribution of�1c character across the conduction band spectrum of a Ga500N10As490

supercell which includes one N–N pair, calculated using the full sp3s∗ tight-binding model.
The inverted black lines in (a) show the weight of �1c character on each of the eigenvalues
Eα of the LCINS Hamiltonian of the same structure. The inverted black lines in (b) show
the projection of the LCINS eigenstates ϕα, weighted by their �1c character |uαc0|2, on to the
conduction band states of the full sp3s∗ calculation.

A comparison of the results in figures 5(a) and (b) shows remarkable replication of the full
�1c spectrum by the LCINS model, demonstrating that even the more complex higher lying
interacting states can be given accurately using isolated N and N–N pair states. Figure 5 is for
a nitrogen concentration of x = 2%.

For other structures considered, the agreement is also excellent, with even closer agreement
at smaller x . A detailed analysis of figure 5 shows that the first 10 LCINS N-levels each
correspond to a single sp3s∗ state below the energy of 1.75 eV: one at 1.21 eV (the E− level)
with a large �1c component, one at 1.44 eV (the ENN(+) level) with a small �1c component and
eight closely spaced levels in the range 1.50–1.75 eV, which have a very weak admixture of
�1c character, and do not contribute to the band gap bowing. We see from figure 5(b, iii), in
conjunction with the magnified inset region in figure 5(a), that these eight states project onto
an equivalent eight levels in the full sp3s∗ calculations.

We identify the eleventh and highest-lying N state in figure 5, at 1.86 eV, with the E+

level. It has the greatest interaction with the host-matrix conduction band edge state, with
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tight-binding conduction band structure (upper, lighter lines).

∼25% �1c character, and projects on to a whole spectrum of sp3s∗ states with energy above
1.75 eV (figure 5(b, iv)). Because of the limited number of basis states in the LCINS model,
it cannot replicate the width of a resonance, and the E+ level is represented by a single state
with energy close to the average energy of the resonance and �1c character close to the integral
sum across the width of the resonance.

In summary, analysing the eigenvectors of the LCINS calculation, it is straightforward to
identify the different kinds of N state combinations, and the form of their interaction with the
host conduction band edge (CBE). We can identify in figure 5(b) (i) the N-hybridized CBE,
E−, (ii) a low-lying group of states related to symmetric N–N pair states, E2 (one of which
is present in the supercell considered in figure 5), (iii) a complex combination of N states
(including the anti-symmetric N–N pair state), which interact weakly with the CBE and which
lie close to the isolated N state level, and (iv) a symmetric combination of states on all N atoms,
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which appears as a resonance and which interacts strongly with the CBE. We have identified
this last state as the E+ level.

The E+ state was observed in photoreflectance measurements [22, 23], appearing in
GaNx As1−x for x > ∼0.2% and remaining a relatively sharp feature until x ∼ 3%,
beyond which composition it broadens and weakens. The E+ state was also observed at
low N concentrations in pseudopotential calculations, but proved difficult to track to higher
compositions [17]. Using the LCINS model, we identify here why E+ is difficult to observe at
higher compositions, by explicitly projecting the LCINS E+ eigenvectorϕ+ onto the eigenstates
of a series of full sp3s∗ calculations. We will further consider the low composition case
(x ∼ 0.2%) in the next section. Figure 6 shows the evolution of the E+ state as given by
the full sp3s∗ Hamiltonian and highlighted using LCINS for a series of 1000 atom supercell
structures containing (i) 0.4%, (ii) 0.8%, (iii) 1%, (iv) 1.4%, (v) 2% and (vi) 3% of randomly
distributed N atoms. Figures 6(i–iv) show E+ as a very strongly highlighted feature, with a
long, quickly decaying tail over higher energy states. In figures 6(v) and (vi) the E+ state
begins to break-up and spread out significantly. This change in the nature of E+ is consistent
with experiment, which shows a relatively strong feature at E+ for x ∼ 1% and which then
becomes weaker and broader with increasing x up to ∼3% where it is hardly distinguishable
at all [22]. We note that the strength of the resonance peak at larger x depends on where E+

lies in the density of states of the host system, forming a sharp resonance in the conduction
band �-related density of states, which broadens rapidly at higher N composition when the E+

energy becomes degenerate with the larger L-related density of states.
Overall, we conclude from our detailed analysis of the full band structure calculations that

the conduction band edge in GaNx As1−x is indeed being perturbed and pushed downwards
due to its interaction with a higher-lying band of localized nitrogen resonant states. We now
turn to consider the effects of this band of localized nitrogen states on the conduction band
dispersion and, in particular, on the band edge effective mass.

4. Conduction band structure and effective mass in disordered GaNxAs1−x

We can gain further insight into the band structure of a disordered GaNNMAsN–M supercell
by first diagonalizing the M × M matrix linking the individual N states, |ψα〉, to get M
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Figure 7. (a) Calculated N cluster state energies εl and CBE energy in a Ga500N13As487 supercell
(i) before and (ii) after inclusion of interaction with CBE; (b) supercell band dispersion calculated
using tight-binding (dots) and LCINS method (solid curves).

nitrogen cluster states, φNl with energy εl and then evaluating the interactions between the set
of cluster states φNl and the CBE, ψc0. Figure 7(a) shows (i) the N state energies εl and the
CBE self-energy 〈ψc0|H |ψc0〉 (thin line) of an exemplar Ga500N13As487 disordered supercell
(x = 2.6%; 2N–N pairs included), and (ii) the calculated zone-centre eigenvalues due to
interactions between these cluster states and the unperturbed CBE state, ψc0. The dots in
figure 7(b) show the band dispersion along the z-direction of this supercell, calculated using
the full tight-binding method. As was the case in figure 5, very good agreement is obtained
at the zone centre between the full calculations and the LCINS results, further confirming that
the LCINS method describes well both the CB edge and the series of N-related states which
lie above the CB edge.

The solid curves in figure 7(b) show the LCINS conduction band dispersion away from
the zone centre, calculated using a k · p model which includes the standard Kane matrix
element linking the valence band maximum with the unperturbed CBE state, ψc0 [21, 42].
The close agreement between the LCINS k · p and the full tight-binding calculations for
the lowest conduction bands confirms the validity of describing these states in terms of
interactions between localized (but interacting) N resonant states and the unperturbed host
matrix conduction band edge.

Because N introduces such a strong perturbation, the results of an individual calculation
such as that in figure 5 or 7 depend strongly on the statistical distribution of the N atoms,
including, e.g. the number of N–N pairs in the cluster, and the presence or otherwise of
larger and less common N clusters. How then can we probe the average conduction band
properties of randomly disordered GaNx As1−x alloys? Figures 3, 5 and 7 each demonstrate
the importance of the nitrogen cluster state energies εl , and the strength of their interactions
Vl = 〈φNl |H |ψc0〉 with the CBE. We therefore investigate key aspects of the CB electronic
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structure by placing M = 8000–10 000 N atoms at random in an ultra-large GaNxAs1−x

supercell, with the composition x determined by the size of the supercell considered. The
large values of M are chosen to ensure minimal statistical variation between different random
supercells.

The histograms in figure 8 show the distribution of the N state energies εl , and their
interaction with the CBE state ψc0 for x = 0.1%, 0.2%, 0.84%, 1.2% and 1.8%, respectively,
where we plot in each case

VN(E) =
∑

|Vl |2T (E − εl), (8)

where T (x) is a top-hat function of width 2 meV and unit area. It can be seen that for very low
N composition (x � ∼0.2%), most of the interaction arises from states which lie close to the
isolated N resonant level energy (EN = 1.666 eV at 300 K; 1.706 eV at 0 K in our calculations).
A small feature due to N–N pairs is observed about 1.446 eV at 300 K (1.486 eV at 0 K), with
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another weak feature at 1.594 eV at 300 K (1.634 eV at 0 K), due to second-neighbour N
atoms on opposite corners of a cubic unit cell face. The energy spectrum of the N cluster states
broadens considerably at higher N compositions, and a small number of isolated N states start
to be observed below the N–N pair states, due to the random formation of a small proportion
of larger N clusters in the supercell.

Extending the BAC model to these ultra-large supercells, we now calculate the effects of
the interaction between these bands of N-related states and the unperturbed CBE wavefunction,
ψc0, diagonalizing the (M+1)×(M+1)matrix linkingψc0 with the M N-related levels. Figure 9
shows the calculated LCINS spectrum projected onto the unperturbed CBE wavefunction,

G�(E) =
∑

|a�i |2T2(E − Ei), (9)

where a�i is the amplitude of the i th eigenstate, of energy Ei , on ψc0, and T2(x) is a narrow
top-hat function of unit height. The results in figure 9 and related calculations are in excellent
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agreement both with the BAC model and with experiment. Firstly, the interaction between the
N resonant states and the CBE pushes the band edge downwards in energy. We find that the
conduction band edge (defined as the low energy state with greatest� character) passes through
the N–N pair states between x = 0.1% and 0.2% at T = 0 K, consistent with experiment [23].
The CBE shifts further down in energy relative to the N–N pair states at 300 K. Secondly, we
observe the emergence of the E+ level, with a single state with significant� character observed
at higher energies for x > ∼0.2%. The E+ level is not observed in GaNxAs1−x samples with
x � 0.1%. We see from figure 9 that this is due to the width of the band of N-related resonant
states even at such low N compositions: the E+ state from the BAC model is degenerate and
thus hybridizes with this relatively wide N-related band, and so is not observed experimentally
until higher nitrogen compositions.

One key feature of figure 9 is contrary to the two-level BAC model. When the CBE and
N band interact with each other in equation (1), the fractional � character, f�c, of the lower
eigenvalue, E−, must always exceed 50% ( f�c > 0.5). We see in figure 9, e.g. for x = 0.2%,
that f�c = 0.52 at 0 K (0.87 at 300 K), while f�c = 0.32 (0.54) at 0 K (300 K) for x = 1.8%.
The reduced values of f�c occur when E− is close in energy with N–N pairs or other cluster
states. Because of this accidental (near-)degeneracy, E− hybridizes with these N-related states,
thus leading to the reduced f�c value.

In the k · p model of figure 7, the conduction band edge effective mass is approximately
proportional to the energy gap,and inversely proportional to f�c and the valence band fractional
� character, f�v. The filled circles (triangles) in figure 10 show the low temperature electron
effective mass determined by a range of experimental techniques in bulk (quantum well)
GaNx As1−x samples [3–6]. The solid curve shows the predicted variation of the band edge
effective mass in bulk GaNxAs1−x using the two-level BAC model of equation (1) [43]. This
model significantly underestimates the measured mass even for x as low as 0.1%. The open
symbols show the low temperature mass calculated for selected compositions, x , using the
LCINS model, where we assume that

m∗
e = m∗

e0
Eg(x)

Eg0 f�c f�v
(10)
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with m∗
e0 = 0.0667 and Eg0 = 1.512 eV for GaAs. Eg(x) is the LCINS calculated energy

gap, and f�v is taken to vary as 1 − x [44].
The calculated and experimental data are in remarkable agreement with each other,

confirming that hybridization between the CB edge and nitrogen cluster states causes the
observed enhancement of effective mass values. The density of N cluster states close to E−
varies both with composition x and with hydrostatic pressure p at a fixed composition in
Ga1−yInyNxAs1−x . The inset in figure 10 shows the predicted variation of m∗

e with hydrostatic
pressure, p, at T = 0 K in a GaN0.002As0.998 bulk epilayer. The mass m∗

e will initially increase
with pressure, as the band edge passes through the N–N pair states, and should then drop rapidly
with pressure towards the BAC value in the range of 0.5–1.5 GPa, before again increasing as
hybridization with higher-lying N states occurs about 2 GPa. We also include negative pressure
(to −2 GPa) in the inset. Although this cannot be achieved directly, a similar effect can be
achieved by adding indium, because the CBE moves down relative to the nitrogen states
with increasing y in Ga1−yInyNx As1−x , thus accounting for the BAC-like masses observed
in GaInNAs samples [5]. The application of hydrostatic pressure to GaInNAs should cause
a significant increase in m∗

e , as the CBE passes through the lowest N-related levels. We note
also from figure 10 that there can be a very low density of N cluster states close to E− at
moderate N composition (e.g. x ∼ 0.8%), giving a value of m∗

e close to the BAC value in such
samples.

We see from figure 10 that a near-degeneracy with N cluster states significantly changes
the band dispersion at the conduction band minimum. How will higher energy N states affect
the conduction band dispersion? To address this issue, we have used a modified k · p model
to calculate the conduction band dispersion for a series of bulk GaNx As1−x structures, adding
a valence band state |ψv0〉 to the LCINS model of section 3, and including a k-dependent
Kane matrix element, k P , linking |ψv0〉 to the LCINS host matrix conduction band state |ψc0〉.
Figure 11 shows the conduction band dispersion calculated for bulk GaNx As1−x with (a)
x = 0.2%, (b) x = 0.84% and (c) x = 1.8%, respectively. The dispersion is presented both
for (i) T = 0 K and (ii) T = 300 K. The thick data points show LCINS states with >10% �1c

character; the thin data points are for 0.5–10% �1c character, while the grey shading indicates
states with 0.1–0.5% �1c character. The zero of energy is taken relative to the GaAs valence
band maximum.

The inclusion of N cluster states modifies the calculated band dispersion compared to that
expected using the two-level BAC model of equation (1). At very low N compositions ((a),
x = 0.2%), two anti-crossing features are found in the lowest conduction band, one near the
band minimum due to interactions with N–N pairs, and a second at about 1.6 eV, due to N–N
second neighbours. With increasing N composition, the anti-crossing with the N–N pair states
becomes more pronounced and the concept of a band dispersion starts to break down at larger
k values (e.g. for (c) x = 1.8%, k > ∼π/a, E > 1.4 eV).

The BAC model has been widely applied to investigate the conduction band dispersion
in Ga(In)NAs, being used, e.g., both to analyse the gain characteristics of GaInNAs/GaAs
quantum well laser devices [45–47], and also to interpret excited state transition energies in
Ga(In)NAs quantum well structures [24, 25]. Although figure 11 shows that the BAC model can
break down at higher energies, we conclude that it is still generally valid for such applications,
particularly at room temperature. First, comparing (i) and (ii), we see that the breakdown of
band dispersion in GaNxAs1−x occurs further from the band edge at 300 K than at 0 K, because
of the difference in relative temperature dependence of the nitrogen state and conduction
band edge energy [23, 48]. Second, previous calculations have shown that replacing gallium
by indium in GaInNAs shifts the host conduction band edge downwards, and also pushes
the energy of the N cluster states upwards relative to the cluster state energies in GaNAs.
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(i)

(ii)

Figure 11. Conduction band dispersion calculated for bulk GaNx As1−x using the LCINS method,
with (a) x = 0.2%, (b) x = 0.84% and (c) x = 1.8%, respectively. The dispersion is presented
both for (i) T = 0 K and (ii) T = 300 K.

We conclude therefore that the range of applicability of the two-level BAC model increases
both with temperature and with indium content. Nevertheless, it may now be worthwhile re-
considering the interpretation of some previous photoreflectance measurements, particularly
where unexpected features were observed in the spectra [49], to see if some of these features
might be due to band anti-crossing with lower-lying N-related defect levels.
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5. Alloy scattering and mobility in dilute nitride alloys

There has until recently been little progress in developing models to describe the transport and
mobility properties of dilute nitride alloys. Even for idealized random alloy crystals, these
properties are difficult to analyse precisely because N introduces such a strong perturbation
to the band structure of Ga(In)As. This must lead to strong alloy scattering. There is a well-
established model [50], based on the Born approximation, to describe the relatively weak alloy
scattering which occurs in conventional semiconductor alloys. This model is, however, entirely
insufficient for extreme alloys such as GaNAs, underestimating the alloy scattering cross-
section by over two orders of magnitude [28, 37]. We describe below how the strong scattering
due to N atoms substantially limits the electron mobility in dilute nitride alloys, consistent with
the maximum mobility observed experimentally of the order of 1000 cm2 V−1s−1 [51].

We have calculated the scattering cross-section for an isolated N impurity in GaAs using
S-matrix theory (distorted Born wave approach). This was previously applied to successfully
describe resonant scattering due to conventional impurities in GaAs [52, 53]. For a sufficiently
localized perturbation, �VN, the total scattering cross-section σ for an isolated impurity is
given by

σ = 4π

(
m∗

2π h̄2

)2

|〈ψc1|�VN|ψc0〉|2�2, (11)

where m∗ is the electron effective mass at the band edge and � is the volume of the region
in which the wavefunctions are normalized. The state ψc0 is the �-point conduction band
Bloch wavefunction (in the absence of the N atom) and ψc1 is the exact band-edge state in the
presence of the N atom.

We note that the Born approximation is equivalent to setting ψc1 = ψc0 in the required
matrix elements. It is often used in the discussion of conventional alloy and impurity
scattering [50], but is entirely inadequate for the case of N defect scattering in GaAs.

Consider a perfect crystal for which the electron Hamiltonian is H0 and the conduction
band edge state has wavefunctionψc0 and energy Ec0. When we introduce a single N atom into
a large volume� of the otherwise perfect lattice, the new Hamiltonian, H1 = H0 +�VN, leads
to a modified band edge state ψc1 with energy Ec1. We can therefore re-write the scattering
matrix element as

〈ψc1|�VN|ψc0〉 = 〈ψc1|H1 − H0|ψc0〉 = (Ec1 − Ec0)〈ψc1|ψc0〉. (12)

Because 〈ψc1|ψc0〉 → 1 for sufficiently large�, we derive that at low impurity concentrations

�〈ψc1|�VN|ψc0〉 = dEc

dn
, (13)

where Ec is the conduction band edge energy and n is the number of impurities per unit volume.
Substituting equation (13) in equation (11), and noting that n is related to the concentration x
by n = 4x/a3

0, where a0 is the GaAs unit cell dimension, the scattering cross-section for an
isolated impurity is then given by

σ = π

4

(
m∗

2π h̄2

)2 [
dEc

dx

]2

a6
0 . (14)

This result is key: it establishes a fundamental connection between the composition-
dependence of the conduction-band-edgeenergy and the n-type carrier scattering cross-section
in the ultra-dilute limit for semiconductor alloys, imposing general limits on the carrier mobility
in such alloys.

We can see this by extending the isolated N result of equation (14) to the case of a
dilute nitride alloy, GaNx As1−x . The mean-free path l of carriers depends in an independent
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scattering model on the scattering cross-section σ for a single defect and the number of defects
n per unit volume as l−1 = nσ . Assuming such a classical model and the values of m∗ and
dEc/dx at x = 0, we estimate for a N content of 1% a mean-free path of only 15 nm. This
is still more than an order of magnitude larger than the average N separation, suggesting that
an independent scattering model should remain appropriate in the dilute random alloy. The
mobility µ is related to the mean-free path l as µ = eτ/m∗, with the scattering time τ = l/ū,
where ū is the root mean square electron velocity. Setting ū2 = 3kT/m∗, where T is the
temperature, we estimate that the mobility µ is given by [28]

µ−1 =
√

3m∗kT

e
π

(
m∗

2π h̄2

)2 [
dEc

dx

]2

a3
0 x . (15)

Figure 12 shows the estimated variation of the room temperature electron mobility with x in
GaNx As1−x , calculated allowing both m∗ and dEc/dx to vary with x based on the two-level
model of equation (1). The electron mobility is estimated to be of order 1000 cm2 V−1s−1 when
x = 1%, of similar magnitude to the highest values observed to date in dilute nitride alloys [51],
but larger than that found in many samples, where µ ∼ 100–400 cm2 V−1s−1 [2, 27, 54–
57]. We note that factors omitted in the calculation here, including the influence of N–N
nearest-neighbour pairs and clusters [16, 34], may contribute to limiting the mobility in actual
samples [37]. In addition, film quality and composition fluctuations may also play a role in
some samples. The intrinsic alloy-scattering-limited mobility should be larger in GaInNAs
samples, due to the weaker band-gap bowing observed in indium-containing samples [24].

The intrinsically low electron mobilities in dilute nitride alloys have significant
consequences for potential device applications. The low electron mobility, combined with
the short non-radiative lifetimes observed to date, limit the electron diffusion lengths and
efficiency achievable in GaInNAs-based solar cells. Further efforts may lead to increased
non-radiative lifetimes, but are unlikely to see significant further improvements in the alloy-
scattering limited mobility [51]. The low electron mobility generally observed to date may
lead to reduced surface recombination in mesa structures containing GaInNAs quantum wells,
of benefit for ultra-compact photonic device applications.
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6. Conclusions

We demonstrate that the E− level can be described very accurately by the BAC model, in
which we treat the nitrogen levels explicitly using a linear combination of isolated nitrogen
resonant states (LCINS). We also use the LCINS results to identify E+ in the full tight-binding
calculations, showing that at low N composition E+ forms a sharp resonance in the conduction
band �-related density of states, which broadens rapidly at higher N composition when the
E+ level rises in energy to become degenerate with the larger L-related density of states. We
then turn to the conduction band dispersion, showing that the two-level BAC model must
be modified to give a quantitative understanding of the dispersion. We demonstrate that
the unexpectedly large electron effective mass values observed in some GaNAs samples are
due to hybridization between the conduction band edge and nitrogen states close to the band
edge. Finally we show that there is a fundamental connection between the strong composition-
dependence of the conduction-band-edgeenergy and the n-type carrier scattering cross-section
in Ga(In)NxAs1−x alloys, imposing general limits on the carrier mobility, comparable to the
highest measured mobility in such alloys.

Acknowledgments

We would like to thank many colleagues for useful discussions and collaboration on the
electronic structure of GaInNAs. These include Alf Adams, Aleksey Andreev, Stelios Choulis,
Robin Fehse, Joerg Hader, Jeff Hosea, Peter Klar, Stephan Koch, Henning Riechert, Stanko
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[21] O’Reilly E P, Lindsay A, Tomić S and Kamal-Saadi M 2002 Semicond. Sci. Technol. 17 870



S3276 E P O’Reilly et al

[22] Perkins J D, Mascarenhas A, Zhang Y, Geisz J F, Friedman D J, Olson J M and Kurtz S R 1999 Phys. Rev. Lett.
82 3312
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[47] Tomić S, O’Reilly E P, Fehse R, Sweeney S J, Adams A R, Andreev A D, Choulis S A, Hosea T J C and

Riechert H 2003 IEEE J. Sel. Top. Quantum Electron. 9 1228
[48] Suemune I, Uesugi K and Walukiewicz W 2000 Appl. Phys. Lett. 77 3021
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